This report contains a novel approach to observation equivalence for coalgebras. We describe how to define weak homomorphisms, weak bisimulation, and investigate the connection between these notions as well as the relation to the known theory of bisimulation for coalgebras. The ultimate result of the paper is the correctness-proof for a weak coinduction proof principle.
Introduction
In recent years the theory of coalgebras gained attention in theoretical computer science, see [Rut00, Gum99] for well-written and extensive introductions. Among other applications, coalgebras provide semantics for classes in object oriented programming and specification [Rei95, Jac96] . This idea is exploited for coalgebraic specification, e.g. in ccsl [RTJ01] but also in the work of Corina Cîrstea [Cîr02] .
Coalgebras are usually seen as generalisations of transition systems and one of the greatest advantages of this generalisation is that it delivers standard notions like bisimulation, observational equality and modal operators "for free". However, some parts of the overall picture are still missing. When considering processes as labelled transition systems (LTS) the notion of weak bisimulation (abstracting from hidden transitions) appears naturally (see [Mil89] ) but it is not obvious how to introduce it in the general setting of coalgebras.
The initial work in weak bisimulation for coalgebras was carried out by Jan Rutten in [Rut99] where he proposed a notion of weak bisimulation for coalgebras of the functor F (X) = X + O, and proved the validity of the weak coinduction proof principle. In [Rot02] , the first author proposed an approach that works for a syntactically defined class of functors, including polynomial functors.
On the applied side, it is worth noting that one of the applications of weak bisimulation is the verification of protocols. Nowadays, many protocols are implemented in high-level programming languages. Thus, the definition of weak bisimulation for coalgebras could provide means to verify properties of protocols that are implemented e.g. in objectoriented languages.
Theoretically, there seemed to be an obstacle to overcome: Whereas in labelled transition systems, the hidden transitions are specified by a distinguished label, usually τ , for coalgebras it was not clear how to specify hidden parts of their transition structure in a general way. A good intuition of the transitions a coalgebra can perform is given in terms of natural relations by Dirk Pattinson in [Pat01] . We follow this idea and propose to use natural relations for the specification of the hidden part of a coalgebra.
However, specifying the unobservable part of a coalgebra is not enough. While in labelled transition systems, every label which is not hidden is considered observable, and hence there is no need to specify both observable and hidden parts of a system, it is not clear how to extract the observable part of a coalgebra from a specification of its hidden transitions via natural relations.
In this paper, we address this issue by introducing the new notion of natural divisor of a functor which uses an extended version of Pattinson's natural relations. Intuitively for many syntactically defined functors, divisors are syntactical subfunctors (in the way the notion subfunctor is used in [Röß00] ). We propose divisors as the way to specify the observable part. We will demonstrate how a specification of hidden and observable parts of a type functor defines the observations of a coalgebra which in turn will be used to define weak bisimulation and weak homomorphisms. We will also prove the validity of a weak coinduction proof principle for coalgebras of bounded and weak pullback preserving functors.
In the next section we start with a short introduction to labelled transition systems as well as weak bisimulation for them, and we introduce some categorical concepts and the category Set. In Section 3 we investigate some properties of the category of sets and relations Rel, as they will prove important for the development of our approach. After this introductory part, we turn to the specification of observable parts of coalgebras in Section 4. After that we introduce weak homomorphisms, weak bisimulation and investigate some of their properties, especially the relation to weak bisimulation for LTS. Finally, in Section 6, we prove the validity of a weak coinduction proof principle. The paper concludes with an outlook on further development, focussing on open theoretical problems.
Preliminaries
This section contains the mathematical preliminaries of our work as well as some notational remarks. We assume that the reader is familiar with some basics of category theory. Labelled transition systems, and weak bisimulation for them will be introduced as well as some special objects in categories, some special categories, and also coalgebras.
Labelled Transition Systems
Let L be a set of actions, τ ∈ L a distinguished action understood as a hidden action, and O = L \ {τ } the set of observable actions. A labelled transition system (LTS for short) is a triple X, L, R with set of states X, set of labels L and transition relation R ⊆ X × L × X. By x l / / x ′ we denote an l-transition from x to x ′ , where x, x ′ ∈ X and l ∈ L with x, l, x ′ ∈ R. By x ⇒ x ′ we denote that there exists a possibly empty sequence of τ -transitions that leads from x to x ′ , that is ⇒ is the reflexive transitive closure of τ / / . The following definition of weak bisimulation is not equivalent to Robin Milner's original definition of observation equivalence that he used in his influential paper [Mil80] . It is a weak version of David Park's bisimulation from [Par81] that Milner adopted e.g. in his book [Mil89] 1 :
Definition 2.1 (Weak Bisimulation) A relation θ ⊆ X × Y is a weak bisimulation between the two systems X, L, R and Y, L, S over the same set of labels if the following hold:
(L 1 ) if x, y ∈ θ and x + 3 · l / / · + 3 x ′ where l ∈ O, then there exists y ′ ∈ Y such that x ′ , y ′ ∈ θ and y
) if x, y ∈ θ and y + 3 · l / / · + 3 y ′ where l ∈ O, then there exists x ′ ∈ X such that x ′ , y ′ ∈ θ and
(L 2 ) if x, y ∈ θ and x ⇒ x ′ , then there exists a y ′ ∈ Y such that x ′ , y ′ ∈ θ and y ⇒ y ′ ; and
Categorical Notions and Notations
In this subsection we recapitulate the notions of final object, (weak) pullback, sink, and concrete category. We assume that the reader knows what a category is and the she or he is familiar with the notions of products and coproducts in a category.
Definition 2.2 An object T in a category is called final object of , if and only if for all objects A, there is a unique arrow
Definition 2.3 Let be a category, A, B, C objects from , and f : A / / C and g : B / / C arrows in . A triple P, π 1 , π 2 is the pullback of f and g, if in
the inner square commutes, and for all Q, q 1 , q 2 for wich the outer square commutes, there is a unique morphism m : Q / / P that makes the triangle diagrams commute. If the uniqueness requirement is dropped, then P, π 1 , π 2 is called a weak pullback of f and g. We shall call Q, q 1 , q 2 that make the outer square commute cones 2 . We will occassionally call them competing cones for P, π 1 , π 2 to emphasize, that there must be a (unique) morphism m : Q / / P as in the diagram above.
If π 1 and π 2 are obvious from the context, we just say that P is the (weak) pullback of f and g. A functor F : / / is said to preserve weak pullbacks if every weak pullback P, π 1 , π 2 of f and g is mapped to a weak pullback
Example 2.4 In the category Set of sets and total functions, the pullback of two morphisms, i.e. two functions f : A / / C and g : B / / C is the set { a, b | f (a) = g(b)} with the usual projections.
Lemma 2.5 The following are equivalent:
(2) The commuting diagram
where 1 A is the identity arrow on A, is a weak pullback square.
Proof. Consider the situation
where C, f, g makes the outer square commute, i.e. m • f = m • g. Obviously, the inner square commutes as well.
For the direction from (1 ) to (2 ) assume that m is mono. We have to show, that there is an arrow h :
But this is only the case if h = f and h = g, i.e. f = g. Fortunately, since m is mono, m • f = m • g implies f = g. Hence, we can savely set h = f = g to make the diagram commute.
From (2 ), to (1 ) , assume that A, 1 A , 1 A is a weak pullback of m with itself. Let us show that m is a mono. Fix an object C and morphisms f : C / / A, and g :
Since C, f and g are arbitrary, m must be mono.
Lemma 2.6 If a functor preserves weak pullbacks, then it preserves monos.
Proof. Assume a weak pullback preserving functor F :
/ / . If m : A / / B is a mono in C, then there is a weak pullback square given by Lemma 2.5. This weak pullback square must be preserved by the functor, so
is a weak pullback square in . Since F (1 A ) = 1 F (A) and by Lemma 2.5 this square makes F (m) a mono in .
Definition 2.7 A sink is a family of arrows S : (f i : A i / / A) i∈I into an object A in a category , indexed by a class I. For the special case that is a subcategory of , and S is a sink from all objects of to an object C of , we denote the sink by S : ⇒ C. Two sinks S : (f i : A i / / A) i∈I and S ′ : (f ′ i : A i / / A) i∈I are equal, if they are equal componentwise, i.e. if for all i ∈ I, we have
Using epi-sinks it is possible to characterise that an object of a category is final with respect to the subcategory of , the original definition can be found in [Maš02] .
Definition 2.9 Let be a subcategory of and Z be an object of . We say that Z is a final object for in if and only if (1) there exists a unique sink S : ⇒ Z, (2) S is epi, and
By the epiness of S ′ the mediating morphism between Z ′ and Z must be unique. The idea of the definition above is that S is final for , if it is the "smallest" codomain of an epi-sink from to an object of . This definition also fits in the classical definition of finality:
Proposition 2.10 Let Z be an object in . Then Z is final in if and only if Z is the final object for in according to Definition 2.9.
Proof. "⇒": Assume Z is final in . Then for every object C of , there exists a unique arrow ! C : C / / Z. Hence, there is a unique sink S = (! C ) from to Z. Now assume two morphisms f : Z / / C and g : Z / / C in , such that f • S = g • S. This means especially that f • 1 Z = g • 1 Z , hence f = g, whence S is epi. Finally, since the subcategory of we consider is itself, Condition (3) is trivially fulfilled by the uniquenes of S and the finality of Z in .
"⇐": Assume Z fulfils (1) -(3) from Definition 2.9. Then the uniquenes of the sink S from Condition (1) implies, that from all objects C of , there is a unique arrow from C to Z. Hence, Z is final in .
Later we will also need the notion of isomorphism, concrete category, and concrete isomorphism. We shall define them in the following: is faithful, if it is injective on morphisms, i.e. for all objects A, B from and morphisms f, g :
Definition 2.12 A concrete category 3 is a pair , U : / / Set , where is a category, and U is a faithful (also called forgetful) functor from to Set. If the forgetful functor U is clear from the context, we will not always explicitly mention it and occasionally write that is a concrete category. Two concrete categories , U 1 and , U 2 are concretely isomorphic if there exists an isomorphism F :
/ / , such that U 1 = U 2 • F . The isomorphism F will then be called concrete isomorphism between and .
Sets, Functions and Coalgebras
Let us first briefly introduce the concept of coalgebras, coalgebra-morphisms and bisimulations.
Definition 2.13 Consider a Set-endofunctor F : Set / / Set. Then an F -coalgebra A = A, α consists of a carrier set A and a transition function α :
commutes. A subset R ⊆ A × B is a bisimulation between A and B if and only if there exists a transition function ρ :
commutes, where π 1 and π 2 are the projections of R into A and B, respectively.
Remark 2.14 Good introductions to the topic of coalgebras for Set-endofunctors are [Rut00] , [JR97] , and [Gum99] . As usual, Set F denotes the category of F -coalgebras and coalgebra morphisms. With the forgetful functor
Set F , U is a concrete category.
In [Gum99] , one can find the following useful lemma for Set:
Lemma 2.15 (First Diagram Lemma) Let f : A / / B and g : A / / C be functions and C = ∅. Then there exists a map h :
The previous lemma can be easily generalised to coalgebras and coalgebra-morphisms:
Lemma 2.16 (First Diagram Lemma for Coalgebras) Suppose coalgebras A, B, and C. Let f : A / / B and g : A / / C be coalgebra-morphisms and C = ∅. Then there exists a map h : B / / C with h • f = g if and only if ker(f ) ⊆ ker(g). If f is epi, then h is uniquely defined. Now I will state some more definitions and results from the theory of universal coalgebra. Proofs can be found in [Rut00] .
• Subcoalgebras: Assume B is an F -coalgebra. Then A ⊆ B is called a subsystem of B, if there is a (uniquely defined) transition function α : A / / F (A), such that the injection i : A / / B is a coalgebra-morphism.
• Sums: Suppose (A i ) i∈I is a family of F -coalgebras. Then there exists a unique coalgebra structure γ : i∈I A i / / F ( i∈I A i ) on the sum (disjoint union) of the carriers of the coalgebras, such that the injections ι i : A i / / i∈I A i are coalgebramorphisms from A i to i∈I A i , γ .
• Greatest bisimulation: Consider F -coalgebras A and B. Then there exists a greatest bisimulation Θ between them. If the functor F preserves weak pullbacks, then the greatest bisimulation Θ A on an F -coalgebra A is a bisimulation equivalence.
• Factoring: Consider an F -coalgebra A, and a bisimulation equivalence E ⊆ A × A on A. Then there is a unique transition structure γ :
We will also use the notion of simplicity of a coalgebra together with two results about simple coalgebras.
Theorem 2.18 Let A be an F -coalgebra. The following are equivalent:
(1) A is simple.
(2) For every bisimulation θ ⊆ A × A we have θ ⊆ ∆ A .
(3) ∆ A is the only bisimulation equivalence on A.
(4) For any coalgebra B and any pair of homomorphisms h 1 , h 2 : B / / A, we have
(5) The canonical epimorphism h : A / / A /Θ , where Θ is the greatest bisimulation equivalence on A, is an isomorphism. Lemma 2.19 Let A be an F -coalgebra and let Θ be the largest bisimulation equivalence on A. Then A /Θ is simple.
The Category of Sets and Relations Rel
Apart from Set, we also make use of the category Rel, whose objects are sets and morphisms are binary relations. Recall that for an object X in Rel the identity arrow is the diagonal relation ∆ X , and composition in Rel is composition of relations. Clearly, Set is a subcategory of Rel and the embedding is the obvious one that maps sets to themselves and every function f : A / / B to its graph
Our constructions will often produce non-deterministic behaviour which we prefer to model in Rel. It is obvious, that every relation R ⊆ X × Y can also be modelled by a function f R : X / / P(Y ), so it is a valid question why we model nondeterministic behaviour in Rel instead of Set. In fact, it is not just a matter of taste but also for better readability. Often translating relations into appropriate functions makes things harder to read, for instance when relations are composed, and when Rel-endofunctors are applied to relations.
In this section we will show some results which we need for our development, most of them are well-known. In particular, we will focus on weak pullbacks and preservation by a functor, extensions of Set-endofunctors to Rel-endofunctors, and the category of relational coalgebras with functional morphisms between them. Let us start with some easy results.
A relation M ⊆ A × B is a mono in Rel, if and only if it is total and injective, i.e. for every a ∈ A, there is a b ∈ B, such that aMb, and for every b ∈ B and a 1 , a 2 ∈ A, a 1 Mb and a 2 Mb implies a 1 = a 2 . A relation E ⊆ A × B is epi in Rel if and only if for every b ∈ B, there is an a ∈ A, such that E(a) := {b
Proof. ⇒: Assume e is epi. Let f be a (choice) function that maps every y ∈ Y to one of those x which fulfil the property that e(x) = {y}.
⇐: Suppose e is an arrow in Rel, and there is a mono function f :
It is folklore that Rel has neither arbitrary limits nor colimits, but is has products and coproducts. And it also has weak pullbacks of functions, and the Set-pullback of two functions f and g is a weak Rel-pullback of (the graphs of) f and g: Theorem 3.2 Let f : A / / C and g : B / / C be two functions. The strong Setpullback P = { a, b | f (a) = g(b)} ⊆ A × B together with the usual projections is a weak pullback of f and g in Rel.
Proof. In the following diagram
where Q, q 1 , q 2 is a competing cone to P,
Hence, by the construction of m, q, a ∈ q 1 .
"⊇": Assume q, a ∈ q 1 . Since f is a function, we have that a, f (a) ∈ grf(f ), hence q, f (a) ∈ grf(f ) • q 1 . Since Q, q 1 , q 2 is a cone we can infer that q, f (a) ∈ grf(g) • q 2 . But this means that there must be a b ∈ B, such that q, b ∈ q 2 and f (a) = g(b). Now for this b, and by the definition of m, q, a, b ∈ m, hence q, a ∈ π 1 • m.
This shows that π 1 • m = q 1 . The argument for π 2 • m = q 2 is analogous.
About Rel-Endofunctors
In this subsection we recapitulate a result from [Rut98] which characterises those Setendofunctors that can be extended to Rel-endofunctors. We then prove some easy properties of those functors.
A relator is a Set-endofunctor that can be extended by some Rel-endofunctor.
There is a useful characterisation of relators. Its origin goes back to [CKW91] , where a more abstract setting is investigated. For our concrete case, the following specialisation of the result from [CKW91] can be found in [Rut98] :
Proposition 3.4 A Set-endofunctor F is a relator if and only if it preserves weak pullbacks.
If a Set-endofunctor F is a relator, then the extension is unique, which is why we denote the extending Rel-endofunctor of a relator F by F as well. The action of the functor on relations
−1 , where π 1 and π 2 are the projections of the relation R.
Lemma 3.5 Consider a weak pullback P w of functions f and g in Rel, and a relator F . Then F (P w ) is a weak pullback of F (f ) and F (g) in Rel.
Proof. Let P be the strong Set-pullback of f and g. Since P w is a weak pullback of f and g, there is a mediating morphism from P to P w . It suffices to show that F (P ) is a weak pullback of F (f ) and F (g) in Rel, since then F (P w ) is a weak pullback as well.
Since F preserves weak pullbacks, F (P ) is a weak pullback of F (f ) and F (g) in Set. Additionally, since F (f ) and F (g) are functions, there is a pullback W of F (f ) and F (g) in Set, which by Lemma 3.2 is also a weak pullback of F (f ) and F (g) in Rel. It now suffices to show that in the diagram
Since W is a set and w 1 , w 2 are functions by the fact that W is a pullback in Set, and since F (P ) is a weak pullback of F (f ) and F (g) in Set, W is a competitor to the weak pullback F (P ) in Set. Hence, there must be a mediating morphism from W to F (P ) in Set, that makes the triangles commute. Since Set is a subcategory of Rel, the same morphism exists in Rel and it makes the diagram commute as well. Hence, F (P ) is a weak pullback of F (f ) and F (g) in Rel.
The following lemmas will be useful: Lemma 3.6 Every relator preserves functional monos in Rel.
Proof. By Lemma 2.6 every weak pullback preserving functor preserves monos, and by Lemma 3.5, every relator preserves weak pullbacks of functions in Rel.
Lemma 3.7 Every relator preserves epis in Rel.
Proof. Let F be a relator and e : X / / Y be an epi in Rel. By Lemma 3.1, there exists a mono (choice) function f :
. By Lemma 3.6, F preserves functional monos, hence F (f ) is a functional mono in Rel. Again applying Lemma 3.1 we conclude that F (e) must be an epi in Rel.
The category of relational F -coalgebras with functional morphisms
Definition 3.8 Given a relator F , a relational F -coalgebra is a pair A = A, α where A is a set and α is a Rel-morphism α :
/ / B is a morphism between relational coalgebras A = A, α and B = B, β , if and only if the following diagram commutes in Rel:
Obviously, relational F -coalgebras together with functional morphisms form a category, which we denote by Rel F .
A relation R ⊆ A × B is a bisimulation between A and B, if and only if there exists a relational coalgebra structure γ : R / / F (R), such that the usual bisimulation diagram
commutes.
Observe, that we only define functional morphisms between coalgebras in Rel F . For an approach that considers relational morphisms between relational coalgebras, see [Rut98] .
The following lemma is important as it allows us to use many results from [Rut00] and [Gum99] :
Lemma 3.9 Let F be a relator, P denote the covariant powerset functor, and Set P•F the category of functional P • F -coalgebras. Then Set P•F is concretely isomorphic to Rel F .
Proof. First of all it is important to note that Rel F together with
is a concrete category, as obviously U ′ is a faithful functor. Consider the functor I : Rel F / / Set P•F that maps relational coalgebras A = A, α to I(A) = A, α ′ : A / / P(F (A)) such that a, p ∈ α if and only if p ∈ α ′ (a), and f : A / / B is mapped to f : I(A) / / I(B) which is then a morphism of functional P •Fcoalgebras. Obviously I is an isomorphism between Rel F and Set P•F . Now let U be the forgetful functor from Set P•F to Set as in Remark 2.14. Then obviously, U • I(A) = A = U ′ (A), and for coalgebra-morphisms f :
. Hence I is a concrete isomorphism between Rel F and Set P•F , so both categories are concretely isomorphic.
Some Properties of Rel F . The following lemmas are just noted. They follow from the fact that Rel F is concretely isomorphic to Set P•F and the corresponding property in Set P•F , see e.g. [Rut00, Gum99] .
where ι i denotes the canonical injection into the coproduct i∈I A i , commutes for all i ∈ I.
Lemma 3.11 Consider relational F -coalgebras A, B, and C with homomorphisms f : A / / C and g : B / / C. Then the strong pullback of f and g in Set is a bisimulation between A and B.
Corollary 3.12 The kernel of a coalgebra-homomorphism f : A / / B is a bisimulation.
Lemma 3.13 Consider A, B, and C as above and homomorphisms f : C / / A, and g : C / / B. Then the image of C under f and g, given by f, g C := { f (c), g(c) | c ∈ C} is a bisimulation between A and B.
Lemma 3.14 Consider a function f : A / / B. Then f is a homomorphism from A to B if and only if the graph of f is a bisimulation between A and B.
Lemma 3.15 Assume A is a Rel F -coalgebra and Θ is a bisimulation equivalence on A. Then A can be factored by Θ, i.e. A /Θ can be equipped with a unique transition structure α /Θ , such that the canonical epi h :
Specifying the Observable Part of a Coalgebra
As mentioned before, the hidden transitions in labelled transition systems are always distinguished by some label (usually τ ). When considering coalgebras, the hidden (nonobservable) part of a coalgebra needs to be specified. In this section, we propose a semantical way which is based on hiding parts of the type functor. This is in contrast to the approach in [Rot02] , where the syntax tree of the type functor is used to specify the hidden parts of the functor.
In [Pat01] Pattinson proposed a way to semantically capture the transitions that a coalgebra can carry out. We will use an extended version of his definition and use it to specify hidden and observable parts of the type functor of a coalgebra. 
Equivalently to the previous definition one can say that a natural relation is a natural transformation η : I • F / / I • G, where F and G are the functors from above, and I : Set / / Rel is the embedding of Set into Rel.
Definition 4.2 (Divisor) Let F and G be relators. We say that G divides F and write G F if there is a natural relation η = (η X ⊆ F (X) × G(X)) such that all η X are epi in Rel except possibly for X = ∅. We shall also write η : G F to stress that η is a witness for the fact that G divides F .
The original version of natural relations introduced by Pattinson in [Pat01
] is a special case of our natural relations. We shall use a different notion to emphasise these. Definition 4.3 (Natural Accessor) A natural accessor of a relator F is any natural relation µ from F to the identity functor on Set, which we denote by Id. Explicitly, a natural accessor is a family of relations µ = (µ X ⊆ F (X) × X) that is natural with respect to functions.
In the following we list some easy results about natural divisors.
Proposition 4.4 (Properties of Natural Divisors) The following properties hold: (1) is a preorder.
is stable under coproducts, nonempty products and constant exponents. That is, if (5) For relators F,
Proof.
(1) The relation is obviously reflexive (using the diagonal relation as witness of F F ). It is transitive, since the witnesses of natural divisors can be composed to get a new witness.
(2) Obvious.
(3) Assume µ : F ′ F , and η : G ′ G. For stability under coproducts let λ be given by λ X = µ X + η X . Obviously, λ is natural wrt. functions, and λ X is epi for X = ∅, hence it is a witness for
For stability under products consider a family of relations λ given by
Again λ is natural with respect to functions and epiness of λ X for X = ∅ is straight-forward.
For the constant exponent, use the same line of reasoning as in the product case, since constant exponents are essentially (possibly infinite) products.
(4) F F + G follows from F F , ∅ G, F ∼ = F + 0, and (2) and (3). For F F × G, again use F F , 1 G = ∅ (1 is the constant functor mapping every set to the one element set 1 and ∅ is the constant functor mapping every set to the empty set), and F × 1 ∼ = F together with (2) and (3). Finally, for
(5) Assume F ′ F and G ′ G. Let H be an arbitrary relator. By the definition of divisor,
And one can also show that
For this let µ : G ′ G, and define η by η X = H(µ X ) which is natural with respect to functions. And for X = ∅, η X is epi in Rel, since µ X is epi and H preserves epis by Lemma 3.7, hence h is a witness for
The previous proposition shows that all syntactical subfunctors (i.e. subtrees of the syntax-tree) of a polynomial functor are divisors of that functor. So obviously, the notion of divisors is at least as powerful as the syntactical approach from [Rot02] .
Skips
The notion of a weak bisimulation is based on the premise that the system shall be allowed to perform certain unobservable actions. We model the ability of the system to perform
2 is a binary relation on the carrier of the coalgebra, and the family of thus selected binary relations has the following property: for every pair of Set F -coalgebras A and B and every homomorphism f : A / / B between A and B, the diagram
Equivalently to the definition above, one can also write that a skip is a natural transformation σ : I • U / / I • U, where U is the forgetful functor from Set F to Set as in Remark 2.14, and I is the embedding functor of Set into Rel. The lemma below lists some obvious properties of skips.
Lemma 4.6
The following statements about skips hold:
(1) ∆ defined componentwise by ∆ X := { x, x | x ∈ X} for every coalgebra X = X, χ is a skip.
(2) If ρ and σ are skips, so is σ • ρ, where
X for every coalgebra X = X, χ , is a skip.
Proof. (1) is obvious, (2) can be seen by concatenating the naturality diagrams of ρ and σ, and (3) follows from the fact that the composition of relations distributes over arbitrary unions of relations.
In
(1) ρ with ρ X = µ X • χ for every coalgebra X = X, χ ;
(2) ρ n with ρ n X = (µ X • χ) n , for every coalgebra X = X, χ and n ∈ N;
(3) σ with σ X = (µ X • χ) RT , for every coalgebra X = X, χ and where (−) RT denotes the reflexive transitive closure of a binary relation; and (4) σ + with σ + X = (µ X •χ) TC , for every coalgebra X = X, χ and where (−) TC denotes the transitive closure of a binary relation.
Proof. Let f : A / / B be an arbitrary homomorphism between Set F -coalgebras A and B. We have to show that all the above relations commute with f .
(1) follows from the fact that f is a homomorphism and that µ is natural with respect to functions: n has the skip property:
n is a skip, so Lemma 4.6 proves that σ must be a skip too.
(4) is similar to (3).
Definition 4.8 Given a natural accessor µ for F , the skip σ (item (3) in the previous lemma) shall be referred to as the canonical skip induced by µ.
Definition
The idea of the previous definition is to let the divisors G
i define the visible parts of F , whereas the natural accessor µ shall capture the hidden transitions. In the following we denote the product functor Π i∈I G i by O. Using Definitions 4.5 and 4.8, an F -coalgebra A and an observer O of F induce the canonical skip σ given by
We can now define the observable part of a coalgebra with respect to an observer. Definition 4.10 (Observable Part of a Coalgebra) For a Set F -coalgebra A, and an observer O = (G i ) i∈I , (η i ) i∈I , µ , the observable part of A with respect to a divisor
The observable part of α with respect to the whole observer O is the relation 
Weak Morphisms and Weak Bisimulations
In this section, we use the previously proposed notion of observable part of a coalgebra to define weak homomorphisms and weak bisimulations. We proceed by proving some properties about weak bisimulations, strong bisimulations, weak homomorphisms and strong homomorphisms. At the end of the section we show that for an appropriate observer, the notions of weak bisimulation for coalgebras and weak bisimulation for labelled transition systems coincide.
Weak Homomorphisms
Definition 5.1 (Weak Homomorphism) Suppose A and B are functional F -coalgebras. Then a function f : A / / B is a weak homomorphism from A to B with respect to an
commutes, i.e. if f is a Rel O -homomorphism from A o to B o . We will then write f :
From the definition above it is immediately clear that the composition of two weak homomorphisms is a weak homomorphism, and that the identity map on the carrier of a coalgebra is a weak homomorphism from that coalgebra to itself. Hence we can state the following Proposition 5.2 Given a functor F and an observer O for F , F -coalgebras together with weak morphisms form a category. We will denote the category by Set is the observable part of the coalgebra that is the coproduct of (A i ) i∈I in Set F .
Proof. Consider the coproduct of (A i ) i∈I in Set F , given by a coalgebra S = S := i∈I A i , γ with the canonical injection morphisms ι i , and let O = (G j ) j∈J , (η j ) j∈J , µ be an observer for F . Then for every j ∈ J and every i ∈ I, consider the following diagram:
Here the topmost layer commutes by Lemma 4.7, the second layer commutes, since S is the coproduct in Set F . The third layer commutes, since it is Id × F applied to the first layer, and functors preserve composition. Finally, the bottom layer commutes since η j is natural with respect to all functions. This implies that for
Hence γ o is a competitor to the unique morphism T given in Lemma 3.10, so they must be equal.
It is now an easy excercise left to the reader to prove that the coalgebra S that results from the previous proposition indeed has the universal property of a coproduct: / / D) i∈I , there is a unique weak homomorphism
commute for every i ∈ I.
Weak Bisimulation
Definition 5.5 (Weak Bisimulation) A relation R ⊆ A × B is a weak bisimulation between two coalgebras A and B wrt. an observer O, if and only if there exists a relation ρ ⊆ R × O(R), such that the following diagram commutes in Rel:
Every weak bisimulation R between A and B is a Rel O -bisimulation between A o and B o .
We shall now show that, as implied by the choice of names, every strong bisimulation between two coalgebras is a weak bisimulation between the two coalgebras.
Theorem 5.6 If θ is a bisimulation between coalgebras A and B, then it is a weak bisimulation between the two coalgebras.
Proof. Since θ is a bisimulation between the F -coalgebras A := A, α and B := B, β , there must be a transition function γ : θ / / O(θ), such that the projections π 1 and π 2 from the bisimulation into A and B are coalgebra-morphisms from the coalgebra Θ = θ, γ to A o and B o , respectively. Hence also the diagram
commutes because π 1 and π 2 are Set F -homomorphisms from Θ to A and B, respectively, and σ is a skip. Pasting this before and after the bisimulation diagram and using the fact that η's are natural, for a particular divisor η j : G j Id × F from the observer O we obtain:
Taking the tupling across the family of divisors that constitute the observer (as in the proof of Proposition 5.3) completes the proof.
When considering an observer where no part of the functor is hidden and no hidden transitions can occur, weak bisimulation should be strong bisimulation. We capture this in the following:
Theorem 5.7 Let F be a relator, and the observer O = F, η, µ be determined by the natural relation η which is given by
for all sets X, and the natural accessor µ defined by µ X = ∅ for all sets X. Consider coalgebras A and B, and a relation R ⊆ A × B. Then R is a strong bisimulation between A and B if and only if it is a weak bisimulation between A and B wrt. the observer O.
Proof. "⇒": Follows from Theorem 5.6 above.
"⇐": For all coalgebras A, from the definition of µ A = ∅ it follows that σ A = ∆ A . Using the definition of η, it is now obvious that A o = A. Assume R is a weak bisimulation between A and B wrt. O. Since A o = A, and B o = B, there exists a relational transition structure ρ ⊆ R × F (R), such that
commutes. So assume, a, b ∈ R. Then α(a) ∈ F (π 1 )(ρ( a, b )), i.e. there exists a r a,b ∈ ρ( a, b ) such that F (π 1 )(r a,b ) = α(a). Hence F (π 2 )(r a,b ) = β(b), since the right diagram must commute as well. Now let r : R / / F (R) : a, b / / r a,b be a functional coalgebra structure on the bisimulation R. Obviously, π 1 and π 2 are coalgebra morphisms from R, r to A and B, hence R is a usual strong bisimulation between A and B.
Proposition Proof. By the corresponding Rel O -property.
Proposition 5.12 Given a family (R i ) i∈I of weak bisimulations between A and B, its union is a weak bisimulation as well.
Proof. Consider the functions k and l
which are the componentwise projections, that is for all i ∈ I, and r i ∈ R i , with ι i r i ∈ i∈I R i , k(r i ) = π 1,i (r i ) and l(r i ) = π 2,i (r i ), where ι i is the injection from R i into the sum and π n,i with n ∈ {1, 2} is the nth projection for the relation R i . Since for every i, R i is a weak bisimulation, there must be a transition relation ρ i : R i / / O(R i ) for each i, such that π 1,i and π 2,i are coalgebra-morphisms from the relational O-coalgebra R i = R i , ρ i to A o and B o in Rel O , respectively. Hence by Lemma 3.10, R = i∈I R i is the carrier of a relational O-coalgebra R = R, ρ , where ρ is uniquely defined.
The universal property of the coproduct R of the family of coalgebras (R i ) implies that k and l are Rel O -coalgebra morphisms from R to A o and B o , respectively. By Lemma 3.13, the image of R under k and l is a bisimulation between the Rel O -coalgebras A o and B o . Hence, it is a weak bisimulation between A and B. So it suffices to show that the image of R under k and l is indeed the union of R i . For the proof that k, l R ⊆ i R i assume a, b ∈ k, l R. Then there must be r a,b ∈ R, such that k(r a,b ) = a and l(r a,b ) = b. But this means that there is an i, such that r a,b = ι i a, b , i.e. there is a bisimulation R i that contains the pair a, b . Hence, a, b ∈ i R i . For the opposite direction assume that for some i, a, b
Proposition 5.13 The following hold for all weak bisimulations R between A and B, and S between B and C:
(1) The composition R • S of the two weak bisimulations is a weak bisimulation.
(2) The converse R −1 of R is a weak bisimulation between B and A. A B C
where R = R, ρ and S = S, σ are the Rel O -coalgebras proving that R and S are bisimulations, and r 1 , r 2 and s 1 , s 2 are their first and second projections, respectively. By Lemma 3.11 the pullback P, p 1 , p 2 of the projections r 2 and s 1 is a bisimulation between R and S in Rel O , hence there must be a transition structure π : P / / O(P ), such that p 1 and p 2 are Rel O homomorphisms from P = P, π to R and S, respectively. Hence,
Hence, the image of P under r 1 • p 1 and s 2 • p 2 is a bisimulation between A o and C o , whence a weak bisimulation between A and C. Now let us show that the image of P under r 1 • p 1 and s 2 • p 2 is the relational composition R • S: First observe that P = { a, b , b, c | a R b S c}. Then compute
(2) Obvious, since R −1 is isomorphic to R.
Corollary 5.14 For every coalgebra A, there exists the largest weak bisimulation Θ A on A, and it is an equivalence relation.
Proof. The largest bisimulation is the union of all bisimulations on A. It is reflexive, since it contains the equality relation. It is symmetric and transitive by Theorem 5.13.
Example: Weak bisimulations of labelled transition systems
We shall now show that for LTS the notions of weak bisimulation according to Definitions 2.1 and 5.5 coincide with respect to the appropriate choice of the observer. The settingup of the environment and the proof proceed in several steps.
The natural accessor and the canonical skip. Recall that a labelled transition system over L can be modelled by a coalgebra A for the relator F (X) = P(L × X) by letting
We shall define accessors µ X ⊆ F (X) × X by U, x ∈ µ X if and only if τ, x ∈ U. Then the skip relation induced by µ is precisely ⇒.
The first divisor. Consider the functor G(X) = O × X, with O = L \ {τ }, and let η X : X × P(L × X) / / O × X be defined by y, U , l, x ∈ η X if and only if l, x ∈ U. It is easy to see that η is natural with respect to functions, i.e. that η : G Id × F . As the following lemma shows, this divisor observes the transitions from O.
Lemma
Proof. ⇒: From x, l, y ∈ α o G it follows that there exist u, u ′ , V and W such that
we have that l, y ∈ W , so there exists a t such that t, y ∈ σ A and l, t, y ∈ Y , whence l, t ∈ F (π 1 )(Y ) = V . But V = α(u) and putting it all together, we obtain
x ⇒ u l / / t ⇒ y. From (7) it also follows that l ∈ O.
⇐: Suppose x ⇒ u l / / t ⇒ y for some l ∈ O and u and t. Then, clearly,
Let V := α(u). In particular, this means that
and l, t ∈ V since u l / / t. Next, define Y by
Since l, t ∈ V and t, y ∈ σ A we have l, t, y ∈ Y , hence l, y ∈ W . Therefore,
Now (8), (9), (10) and (11) imply that x, l, y ∈ α o G .
The second divisor. For the second divisor, take the identity functor H(X) = X and define χ X : X × P(L × X) / / X by y, U , x ∈ χ X if and only if y = x. Since χ X is just the graph of the first projection it is obviously natural with respect to functions. The observable part of a coalgebra with respect to this divisor is constructed as usual, and we are going to show that, strange as it may seem, this divisor "observes the silent action τ ".
The equivalence result. Proof. ⇒: Let θ be a weak bisimulation between coalgebras A and B according to Definition 5.5 with respect to the observer O. Then there exist relations
and A
Due to the symmetry, it suffices to show that (L 1 ) and (L 2 ) in Definition 2.1 hold.
( 
Then we have to show that the diagrams (12) commute in Rel. We will show only α
• γ 1 , since other equalities follow by similar arguments.
Since θ satisfies the requirements of Definition (1) Forth Condition:
in T ; and
It is also obvious that the greatest bisimulation equivalence that results from the definition of weak bisimulation for LTS-coalgebras wrt. the simpler observer O ′ = G, η, µ becomes exactly the original observation equivalence from [Mil80] .
Labelled transition systems with attributes. We shall now demonstrate the flexibility of the "modular" definition of the observer represented by the possibility to supply a family of divisors, and show how to reuse the observer introduced above and how to modify it so as to cover the notion of a labelled transition system with attributes (LTS+A), which extends the notion of an LTS.
Let L be a set of actions, τ ∈ L a hidden action, and At the set of observable attributes of states. A labelled transition system with attributes (LTS+A for short) (X, L, R, At, v) is a LTS (X, L, R) where additionally at every state a set of attributes from At can be observed by the function v : X / / P(At). Alternatively, for a state x ∈ X and c ∈ At, x ↑ c denotes that in the state x one can observe the attribute c, i.e. that c ∈ v(x). By x ⇒↑ c ⇒ x ′ we denote that starting from a state x there exists a possibly empty sequence of τ -transitions that takes the system to a state in which one can observe the attribute c, and from that state a possibly empty sequence of τ -transitions leads to the state x ′ . Note further that every LTS+A can be modelled by an F -coalgebra for the functor F (X) = P(At) × P(L × X) in the obvious way.
be two LTS+A over the same sets of transitions L and attributes At. Then θ ⊆ X × Y is a weak bisimulation between the two systems if in addition to
) from Definition 2.1 the following two requirements are satisfied for all c ∈ At, and x, y ∈ θ
The observer. Define µ, G, η, H and χ analogously to those for the LTS so that they pay no attention to the attributes. In particular, µ X : P(At) × P(L × X) / / X is defined by C, U , x ∈ µ X if and only if τ, x ∈ U, and the induced canonical skip relation is precisely ⇒; G(X) = O × X and η X : X × P(At) × P(L × X) / / O × X is defined by y, C, U , l, x ∈ η X if and only if l, x ∈ U; H(X) = X and χ X : X × P(At) × P(L × X) / / X is defined by y, C, U , x ∈ χ X if and only if y = x. Then Lemmas 5.15 and 5.16 obviously hold.
Let us now introduce the third divisor, that takes care of the observable attributes. Let N(X) = At × X and define ν X : X × P(At) × P(L × X) / / At × X by x, C, U , c, y ∈ ν X if and only if c ∈ C and x = y. Then one can easily show the following property of N, ν . Remark 5.22 Obviously, we defined the observable part of a coalgebra in a way, such that the definition of weak bisimulation gives -for the right choice of the divisorsexactly the definition of weak bisimulation for labelled transition systems. However, many of the statements above and below hold for other definitions of the observable part of the coalgebra as well.
As an exampe consider the following definition of α o G i , given a coalgebra α and an observer O: 
If we replace the diagram from the definition of observable part (Definition 4.10) by the one above, where the third horizontal arrow from the original definition (
, then the resulting definition of "weak bisimulation" corresponds to delay bisimulation (see e.g. [vG93] ).
Weak Coinduction
In this subsection we show that two states in the state space of a coalgebra are weakly bisimilar if and only if they are mapped to the same element of a factor of the observable part of the final coalgebra. Of course, the whole development requires that the type functor of the considered coalgebras admits a final coalgebra, which we assume in the following. Recall that for every F -coalgebra A and every weak bisimulation equivalence θ, we can factor A o by θ and obtain a Rel O -coalgebra. This follows from Lemma 3.15. In the following let Φ be the final F -coalgebra in Set F , let Φ o be its observable part, and let Θ be the greatest weak bisimulation on Φ. In the theory of coalgebras, the unique morphism from a system A into the final coalgebra is usually seen as the behaviour of A. Here, we do the same: The unique morphism from the observable part of A to the "final" object defines its observable behaviour wrt. the observer O. And the previous theorem establishes the weak coinduction proof principle: Two states a and b of A are weakly bisimilar if and only if they have equal observable behaviour. So it suffices to find a weak bisimulation containing the pair a, b to prove that they have equal observable behaviour.
In [Rut99] Rutten put the weak coinduction proof principle to good use: he proves that operational semantics and denotational semantics of a simple programming language with while-constructs coincide. The weak coinduction proof principle and the "final" object constructed above will also help when considering logics for weak bisimulation, but this is a future topic. . To see that δ is a homomorphism and that it is a mediating homomorphism between the two sinks, it suffices to show that it is well-defined. Then all the properties we need follow from the definition of δ and the fact that δ x • h A = w A for all x ∈ Q. So, let us show that δ x | Qx∩Qy = δ y | Qx∩Qy . Take any t ∈ Q x ∩ Q y . Then there exist A, B ∈ Set This shows that δ is well-defined.
The previous remark tells us that Φ o /Θ is a sort of a final object: it has a certain universal property within the wider context provided by 
On the other hand, ψ : Φ /Θ / / F (Φ /Θ ) is an F -coalgebra, so there is a Set F -homomorphism f : Φ /Θ / / Φ. Every homomorphism is a weak homomorphism, so
By multiplying (13) with f from right and substituting (14) we obtain
By the assumption, . From this it follows that f is a split mono, hence an injection, and this completes the proof.
Remark 6.7
It is open whether one can show the other direction: if Φ /Θ is a subcoalgebra of Φ, then Φ /Θ , γ is an observable part of a functional F -coalgebra. Related to this, it would be interesting to see under which additional assumptions, Φ /Θ is a subcoalgebra of Φ.
In this paper we addressed a missing link between the theory of coalgebras and the theory of systems. Following a motivating remark from [Rut99] , and earlier work in [Rot02] , we developed parts of a general theory of weak bisimulation and weak coinduction. We showed that our notion of weak bisimulation for coalgebras is able to capture the original notion of observation equivalence from [Mil89] , and it is easy to see that J. Ruttens approach from [Rut99] is generalised as well.
Our paper also gives rise to a number of questions. Most importantly, we did not supply a coalgebraic logic that provides a logical characterisation of weak bisimilarity. Also, and possibly related to the open logical characterisation, the "finality" of the factor of the final coalgebra needs further investigation.
It has been pointed out that, by altering some definitions, it is possible to define alternative notions of bisimulations. A further generalisation of our approach could capture a large set of observation equivalences in the sense of [vG93] . Together with a logical characterisation of the resulting equivalence notions this might lead to new insights in process algebra.
Finally, in [Rot02] , the first author introduced also a notion of weak simulation for coalgebras. He also demonstrated that weak simulation might be a tool for proving a kind of coalgebraic refinements. A generalisation of our semantical approach that fits weak simulations could provide more results about weak simulations in the theory of systems.
